Abstract: Compressive sensing (CS) with photonic technologies provides a promising way to acquire information with reduced measurement. Photonic CS with pulse stretch and compression has been proved to be capable of capturing wideband time-domain signals at extremely high equivalent sampling rate or images at high frame rate. In this approach, an input short pulse is first stretched by propagating through a dispersive medium and then the stretched pulse is modulated by a signal to be measured and a pseudorandom bit sequence (PRBS). The stretched pulse encoded with the signal and the PRBS is compressed in the time domain after passing a second dispersive medium with an opposite dispersion value. The time-domain compression of the stretched pulse was regarded as the integration function in the CS process (but it has never been proved), which is a key to realize time-domain downsampling or single-pixel imaging. In this paper, we fully investigate the theoretical framework of the photonic CS with optical pulse stretch and compression, and present an analytical model of the CS measurement matrix based on the analysis of the pulse stretch, modulation and compression, for the first time to our knowledge. Moreover, we prove the equivalence between the peak value of the compressed pulse and the integral value of the mixed signal, which is the basis of the analytical model. In addition, we further discuss the impact of the limited bandwidth of the employed photodetector on the measurement and the performance of signal reconstruction.
Introduction
Digitization of analog signals of interest is usually the first task before signal transmission, processing, analysis and storage, which often involves signal sampling at or above a rate defined by the Nyquist sampling theorem. As many modern wideband applications place an extremely high requirement on the sampling rate, compressive sensing (CS) was proposed to acquire a sparse wideband signal with samples far below that demanded by the Nyquist theorem [1] - [3] . The implementation of CS usually includes a measurement process and a reconstruction process. In the measurement process, the signal to be captured needs to be mixed with a pseudo-random bit sequence (PRBS); the mixed product is low-pass filtered and then measured at a sub-Nyquist rate.
In the reconstruction process, the original signal can be reconstructed using the measured results via a convex optimization method.
In recent years, photonics-enabled CS for ultra-wideband signal acquisition has attracted a lot of research interest due to the advantage of large bandwidth offered by photonics [4] - [24] . Photonicsenabled CS can be realized in a photonic link either with a continuous-wave optical carrier [4] - [10] , or with an optical pulse carrier [11] - [20] , which both mainly employ optical modulators as the wideband signal modulator and the mixer for mixing signal with PRBS. The function of low-pass filtering required in CS can also be implemented in the optical domain, such as the system with a pulsed laser source based on pulse stretch and compression [11] - [14] . In these approaches, the wideband sparse signal to be analyzed is modulated upon the stretched pulses with an optical modulator. As we know, a short pulse will be stretched in the time domain after passing a dispersive medium; the stretched pulse will be compressed after experiencing a dispersive medium with an opposite dispersion amount. Optical mixing of a time-domain signal with a PRBS can be realized via a conventional optical modulator, or implemented in the frequency domain with the help of a spectral shaper based on a spatial light modulator [15] , [18] , [22] . The technique of pulse stretch/compression in a dispersion medium can be effectively used to speed up/slow down the rate of the signal or the PRBS. The CS-based single pixel imaging can also be realized in a way with pulse stretch and compression [12] , [15] . In the approach, a stretched pulse is firstly mixed with a PRBS and then propagates through an imaging system, in which the pulse is spatially dispersed to illuminate a target object and the image information is recorded on the spectrum of the reflected pulse. The key function of low-pass filtering (equivalent to a function of integration) in the CS (for capturing either time-domain signals or images) can be realized physically based on the pulse compression in which the chirped pulse (modulated by the signal to be measured and a PRBS) is compressed after propagating through a dispersion medium with proper dispersion amount.
In spite of some experimental works on the CS-based time-domain signal acquisition and single pixel imaging using the technique of pulse stretch and compression [11] - [13] , [15] , [18] , up to now there is no explicit theoretical model for explaining the connection between the physical processes of the pulse stretch, modulation, random mixing and compression and the measurement matrix in the CS model, especially the relation between the output pulse in the physical process and the measured value in the CS model. In this paper, we fully investigate the theoretical framework of the photonic CS with pulse stretch and compression and present an analytical model of the CS measurement matrix based on the analysis of the pulse stretch, modulation and compression, for the first time to our knowledge. Moreover, we justify the pulse compression as an integration function and prove the equivalence between the peak value of the compressed pulse in the physical process and the integral value of the mixed signal in the CS model, which is the basis of the theoretical framework. In addition, we further discuss the impact of the limited bandwidth of the employed photodetector (PD) on the measurement and the performance of signal reconstruction with extensive simulation results. The presented work provides a theoretical framework for the photonic CS schemes with pulse stretch and compression and can be used in the system design, modelling, analysis and performance evaluation.
Theory and Model
According to the theory of CS, if x is an N × 1 vector denoting the input sparse signal to be captured at or above the Nyquist rate and y is an M × 1 vector denoting the measurement results (M << N ), the CS measurement can be expressed as a linear mapping process
where is an M × N measurement matrix. In the CS scheme, the measurement process includes a random mixing process (the signal of interest being multiplied by a PRBS), an integration process (equivalent to the function of a low-pass filtering), and a down-sampling process. The input signal can be reconstructed by solving an optimization problem
with the help of a CS recovery algorithm. A schematic illustration of the photonic CS with pulse stretch and compression for the acquisition of time-domain signals or images is shown in Fig. 1 [11]- [13] , [15] , [18] . The broadband optical pulse emitted from a mode-locked laser firstly propagates through a dispersive medium (e.g., a coil of dispersive fiber) with a dispersion amount of¨ (in ps 2 , which is defined as the derivative of the group delay with respect to angular frequency). The pulse is stretched in the time domain and becomes chirped. In the case of time-domain signal acquisition, the stretched pulse is modulated by the signal to be captured via a Mach-Zehnder modulator (MZM). In the case of image acquisition, the pulse is spatially dispersed to illuminate the target object via a setup shown in Fig. 1(a) , in which the reflected spectrum from the object is encoded by 1-D or 2-D image information with the help of a 1-D or 2-D disperser [7] , [12] , [15] . Due to the correspondence between the frequency and time in a chirped pulse, the spectral encoding of a chirped pulse is equivalent to the time-domain modulation. Then the modulated optical pulse is mixed with a PRBS via another MZM. Note that the PRBS can also be loaded in the frequency domain by using a spectral shaper because of the linear relation between the time and frequency [15] , [18] . After passing another dispersive medium with a dispersion value of −¨ , the stretched pulse (carrying the mixed product of the signal and the PRBS) is compressed in the time domain. This time-domain compression of the chirped pulse can be regarded as the integration process of the mixed product (we will prove it in the following analysis). The peak value of the output pulse is captured by an analog-to-digital converter after the O/E conversion with a PD. Thus, in a measurement with a single optical pulse, only one measured result is obtained. After multiple measurements, the time-domain signal or the image of interest can be reconstructed by using a CS recovery algorithm. It should be noted that the equivalence between the pulse compression in the physical process and the integration process required in the CS model has never been explicitly discussed.
We assume the envelope of the input optical pulse is Gaussian-shaped as g 0 (t) = E 0 exp(−t 2 /τ 0 2 ), where E 0 is the peak of electrical field intensity, τ 0 is the half-width at 1/e maximum of the pulse. The transfer function of the first dispersive medium can be expressed as H 1 (ω) = exp(−j¨ ω 2 /2) if we ignore the group delay and fixed phase shift induced by the dispersive medium [25] , where¨ is the amount of the first-order dispersion (in the unit of ps 2 ). After propagating through the first dispersion medium, the pulse is stretched in time and gets a quadratic phase term (it means the pulse is chirped), which is g 1 
) [26] . If the pulse width τ 0 is sufficiently small and the dispersion amount¨ is sufficiently large that
the complex envelope of the stretched pulse can be approximately expressed as
where
1/2 denotes the width of the stretched pulse. Inequality (3) is referred to as the time-domain far field condition, analog to the Fraunhofer condition in spatial diffraction of light. For simplicity, we rewrite g 1 (t) as
and g 1 (t) = E 0 exp(−t 2 /τ 1 2 ) represents the amplitude of the stretched pulse. In the case of the time-domain signal acquisition, the normalized signal to be captured can be denoted by x(t) = 1 + αx 0 (t), in which a DC bias is included as a result of intensity modulation, α is the modulation coefficient, and x 0 (t) represents the original input signal. Here, linear modulation is assumed. In the case of CS imaging, a 1-D or 2-D image can be encoded onto the spectrum of the pulse using a setup with 1-D or 2-D spatial disperser [7] , [12] , [15] . Due to the chirping property of the pulse, the stretched pulse is equivalently modulated in the time domain. Therefore, a mapping between the 1-D or 2-D image information i (x) and the time domain signal I (t) that is modulated upon the chirped pulse is established. Thus the signal to be captured is x(t) = 1 + βI (t), where β is a coefficient relating to the contrast ratio and I (t) represents the time-domain signal corresponding to the image information to be captured. After the stretched pulse is encoded with the signal, it is mixed with a PRBS r (t) via an MZM. The stretched pulse mixed with the signal and the PRBS is
It can be rewritten as
where g 2 (t) = g 1 (t)x(t)r (t) is the amplitude envelope of the pulse. The spectrum of g 2 (t) is given by
where * denotes the convolution operation and G 0 (ω), G 1 (ω), X (ω), and R (ω) are the Fourier transforms of the input pulse g o (t), the stretched pulse g 1 (t), the signal to be captured x(t), and the PRBS r (t), respectively. According to the theory of real-time Fourier transform [25] , [27] , if the far-field condition, i.e., inequality (3) , is satisfied and the spectral bandwidth ω s of the modulating signal x(t) is constrained by ω s << 2π/τ 0 , the time-domain modulation can be equivalently treated as the frequency-domain modulation with a relation of frequency-to-time mapping (FTTM) ω ⇔ t/¨ . Therefore, according to Eq. (7) and the relation of FTTM, G 2 (ω) in Eq. (8) can be written as
As the transfer function of the second dispersive medium (with a dispersion amount of −¨ , opposite with the first one) is H 2 (ω) = exp(j¨ ω 2 /2), the spectrum of the optical signal prior to the PD is as
And its time-domain optical signal (the compressed pulse) is
where F −1 denotes the inverse Fourier transform and G 2 (ω) is the spectrum of g 2 (t). According to Eq. (11), the output compressed signal in the time domain is a scaled Fourier transform of the modulated pulse g 2 (t). The value of the output signal y(t) at t = 0, i.e., y p = y(0) corresponds to the dc value of g 2 (t), according to the property of the Fourier transform, which is written as
Note that the value of the output signal y(t) at t = 0 is also the peak value caused by a strong dc bias in the modulated signal x(t). Eq. (12) in a discrete form is as
and r [n] are the discrete forms of g 1 (t), x(t) and r (t), respectively. Eq. (13) is actually the sum of the mixed product of the input signal and the PRBS (with an envelope of the stretched pulse). Therefore, in the photonic CS schemes with pulse stretch and compression, only the peak value of the output pulse needs to be sampled in each measurement process since it represents the integration result of the mixed signal x(t)r (t). To reconstruct the signal of interest, multiple measurement results can be obtained by repeating the measurement procedures while using different PRBSs. Based on the above analysis, the whole measurement process (with the measurement number of M) can be modeled as , which is an accumulative result corresponding to Eq. (13) . It should be noted that the measurement result y m is proportional to the square root of the peak amplitude of the detected signal due to the square-law detection of PDs as i (t) ∝ |y(t)| 2 . According to Eq. (14), we can obtain the measurement matrix as = RG. With this measurement matrix, the signal of interest can be reconstructed by using a CS recovery algorithm.
Results and Discussions
The given CS model has been successfully applied in our previous work on the CS-based single pixel imaging using short optical pulses [15] . Here we perform additional numerical simulations on time-domain signal acquisition to further verify the correctness of the proposed theoretical model. In the simulations, the time width τ 0 of the pulse is 500 fs. The dispersion amounts of the first and second dispersive element are 200 ps 2 and −200 ps 2 , respectively. The system bandwidth for signal acquisition is set to be 50 GHz. The length N of the input signal is set to be 400. The measurement number is M = 100. Therefore, the compression factor is N/M = 4. In each measurement, the peak value of the output pulse is sampled. In the simulation, the measurement matrix is constructed according to (14) . The sparse recovery algorithm 1-magic [28] is used in the signal reconstruction. It should be noted that the structure studied in this manuscript is different from that in [17] . In [17] , we reported a scheme that combines the techniques of photonic time stretch and compressive sensing, where the photonic time stretch is employed for slowing down the input high speed signals and the stretched pulse is not compressed in the time domain [29] - [31] .
In the first simulation, we assume the bandwidth of the PD is infinite, which is the ideal case. A two-tone signal with frequency components of 11 GHz and 20 GHz is employed as the signal to be measured. To focus on the validation of the theoretical model, we use a post-processing method to eliminate the nonlinear effect of the modulator. The time-domain waveform and its spectrum of the input signal are shown in Figs. 2(a) and (b) , respectively. The time-domain signal and its spectrum reconstructed from the measured results are shown in Figs. 2(c) and (d) , respectively. Since there is a DC component caused by the intensity modulation, the effective system bandwidth is reduced to be around 2 GHz∼50 GHz. It is clearly seen that the spectrum-sparse signal with wide-spanning frequency content is faithfully recovered, which verifies the correctness of the given theoretical model on the measurement results and measurement matrix.
Here we discuss the influence of the limited bandwidth of the employed PD on the measurement. The electrical current after the PD can be modelled as i (t) = |y(t)| 2 * h (t), where h (t) denotes the impulse response of the PD. As the low-pass filtering function of the PD will impose an averaging effect on the output pulse and lowers the measured peak value, it is necessary to investigate the peak value lowering effect and its impact on the recovery performance. To illustrate the averaging effect induced by the limited bandwidth of PD, we simulate the detected pulses under different bandwidths. Fig. 3 shows the detected electrical signals of a typical optical pulse y(t) under the bandwidths of 5 GHz, 50 GHz and 500 GHz. It is clearly seen that the peak value decreases with the decrease of the bandwidth. Note that the lowering of the peak value does not necessarily mean the performance degradation. The key is the evenness of peak lowering among different peak values. To show the peak value lowering more clearly, we plot y mp /y p (the normalized measured peak value) vs. y p (the ideal peak value) under different PD bandwidths in Fig. 4 , where y mp denotes the measured peak value using a PD with given bandwidth and y p denotes that using a PD with infinite bandwidth. In the simulation, the frequency of the input sinusoidal signal is 20 GHz, the length of the PRBS is N = 500, and other parameters are kept the same as in the first simulation. It is shown that the smaller PD bandwidth causes higher measurement unevenness, which would lead to stronger performance degradation. With the bandwidth of 50 GHz, the lowering of the measured peak values show good evenness among different ideal peak values. When the bandwidth of PD is reduced to be 5 GHz, the normalized measured peak value varies from ∼0.2 to ∼0.1 within the range of ideal peak values from its minimum to maximum. Fig. 5 shows the spectra of the input signal and the reconstructed signals by using a PD with a bandwidth of 500 GHz, 50 GHz, and 5 GHz. The results are in accordance with those in Fig. 4 . A lower PD bandwidth leads to a higher measurement error (unevenness of normalized measured peak value), and thus leads to a worse reconstruction performance. The presented results on the averaging effect induced measurement error and the reconstruction performance test imply that the influence of limited bandwidth of PD may not have a major impact on the recovery performance if a commercially available PD with a bandwidth over 30 GHz is applied, which was also approved by previous experimental works on the CS-based single pixel imaging and time-domain signal acquisition with optical short pulse.
Finally, we discuss the impact of length of PRBS on the measurement error of peak value under limited PD bandwidth. The normalized measurement error is defined by â − a 2 / a 2 , whereâ and a denote normalized measured peak value and the normalized ideal peak value, respectively. In the simulation, the frequency of an input sinusoidal signal is 20 GHz and the length of PRBS N varies from 50 to 500. One thousand tests with different PRBSs for each N are performed and the measurement errors are averaged. Fig. 6 gives the normalized measurement error vs. the length of PRBS under the PD bandwidth of 5 GHz, 50 GHz, and 500 GHz, respectively. The results in Fig. 6 show that the measurement error decreases with the increase of the PD bandwidth, as expected. It also shows that the error decreases with the increase of the length of PRBS under a given PD bandwidth. It demonstrates that a longer PRBS contributes to a better recovery performance.
Summary
We have established a mathematical model to describe the photonic CS schemes with pulse stretch and compression. We proved that sampling the peak value of the output pulse is equivalent to obtaining the integration of the mixed product of the signal and the PRBS in each measurement process. A measurement matrix is obtained based on the analysis of pulse stretch, modulation, random mixing and compression. Furthermore, we discussed the impact of the PD bandwidth on the measurement error and recovery performance with extensive numerical results. We believe the presented work has practical significance in the construction of measurement matrix, performance evaluation and improvement of the photonic CS schemes with short optical pulse for realizing sub-Nyquist sampling or single-pixel imaging.
